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Motivations

• A “pick-and-place” task made by a robot 
manipulator with uncertainties at the end 
effector

• Check if the whole error space is fully contained 
in the target: containment checking

• Compute how much error the end effector can 
tolerate in a successful assembly trial: volume 
of motions in Configuration space
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Mathematical Preliminary

• Expressions of ellipsoid:
• Implicit: 𝐱𝐱 − 𝐭𝐭 𝑇𝑇𝐴𝐴 𝐱𝐱 − 𝐭𝐭 = 1, 𝐴𝐴 = 𝑅𝑅Λ−2(𝐚𝐚)𝑅𝑅𝑇𝑇

• 𝑅𝑅 ∈ SO(𝑛𝑛), 𝐭𝐭 ∈ ℝ𝑛𝑛

• Explicit: 𝐱𝐱 = 𝑅𝑅Λ 𝐚𝐚 𝐮𝐮 + 𝐭𝐭
• 𝐴𝐴: the smaller moving ellipsoid; 𝐵𝐵: the larger fixed ellipsoid

• Configurations:
• Pose Change Group (PCG): (𝑅𝑅, 𝐭𝐭) ∈ PCG(𝑛𝑛) ≐ SO(𝑛𝑛) × ℝ𝑛𝑛

• Configurations as elements in the Lie Algebra: 𝛏𝛏 = [𝛚𝛚𝑇𝑇, 𝐭𝐭𝑇𝑇]𝑇𝑇∈ ℝ𝑛𝑛(𝑛𝑛+1)/2

• 𝛚𝛚 = log∨(𝑅𝑅) ∈ ℝ𝑛𝑛(𝑛𝑛−1)/2
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Convex Lower Bound based on the First-order 
Algebraic Condition of Containment

• Algebraic Condition of Containment:
• Exact: 𝑅𝑅𝑎𝑎Λ 𝐚𝐚 𝐮𝐮 + 𝒕𝒕𝑎𝑎 𝑇𝑇Λ−2 𝒃𝒃 𝑅𝑅𝑎𝑎Λ 𝐚𝐚 𝐮𝐮 + 𝒕𝒕𝑎𝑎 ≤ 1
• First-order Approximation: 

• 𝐶𝐶𝐮𝐮 𝛏𝛏 = 𝛏𝛏𝑇𝑇𝐻𝐻 𝐮𝐮 𝛏𝛏 + 𝐡𝐡𝑇𝑇 𝐮𝐮 𝛏𝛏 + 𝑐𝑐(𝐮𝐮) max
∀𝐮𝐮𝑖𝑖

𝐶𝐶𝑖𝑖(𝛏𝛏) ≤ 1

• Small angle assumption: 𝑅𝑅𝑎𝑎 = exp �𝜔𝜔𝑎𝑎 ≈ 𝕀𝕀 + �𝜔𝜔𝑎𝑎



Convex Lower Bound based on the First-order 
Algebraic Condition of Containment
• Convexity of the First-order Algebraic Condition of Containment

• 𝐶𝐶𝑖𝑖 𝛼𝛼𝛏𝛏1 + 1 − 𝛼𝛼 𝛏𝛏2 − 𝛼𝛼𝐶𝐶𝑖𝑖 𝛏𝛏1 + 1 − 𝛼𝛼 𝐶𝐶𝑖𝑖 𝛏𝛏2
= −𝛼𝛼 1 − 𝛼𝛼 𝛏𝛏1 − 𝛏𝛏2 𝑇𝑇𝐻𝐻 𝐮𝐮𝑖𝑖 𝛏𝛏1 − 𝛏𝛏2 < 0,∀𝛼𝛼 ∈ [0,1]

• 𝐻𝐻 𝐮𝐮𝑖𝑖 is symmetric positive-definite
• Maximization preserves convexity

• Polyhedron C-space as the Convex Lower Bound
• Valid configurations stays in the convex hull of some extreme 

configurations
• Vertex Selections:

• Maximum distance on each axis of the C-space
• Maximum distance to the origin, maximum magnitude
• Random configurations
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Geometric Lower Bound based on the Closed-form 
Minkowski Difference
• Closed-form Minkowski difference between ellipsoids 

• Applied at each orientation of ellipsoid 𝐴𝐴
• Shrink 𝐴𝐴 to a sphere (Affine Transform) -> Offset curve in Shrunk Space -> 

Stretching back

Shrunk Space 



Geometric Lower Bound based on the Closed-form 
Minkowski Difference
• Lower bounds of Minkowski

difference boundary in Shrunk Space
• Extreme distance at each axis of 

Ellipsoid that the Sphere can reach (N-
dim)

• Construct polyhedron at each 
orientation

• Affine transform preserves convexity

• Geometric Lower Bound 
• union of the polyhedron at each 

orientation
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Containment Checking Process
• Point-in-polyhedron checking:

• Decompose into disjoint simplexes by triangulation
• For each simplex, query the configuration as a convex combination 

of the vertices of the simplex
• 𝑃𝑃

1 = 𝑃𝑃𝑆𝑆0
1
𝑃𝑃𝑆𝑆1
1

… 𝑃𝑃𝑆𝑆𝑛𝑛
1

𝜆𝜆0 𝜆𝜆1 … 𝜆𝜆𝑛𝑛 𝑇𝑇, 𝜆𝜆𝑖𝑖 ∈ 0,1 (∀𝑖𝑖)
• 𝑃𝑃: the point to be queried
• 𝑃𝑃𝑆𝑆𝑖𝑖: 𝑖𝑖-th vertex that defines the simplex

• For Convex Lower Bound: directly apply “point-in-
polyhedron” test

• For Geometric Lower Bound: with the knowledge of 
orientation, apply the test at the specific orientation
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Volume of the Lower Bounds
• Volume of polyhedron

• Triangulation -> disjoint simplexes
• Volume: 𝑉𝑉𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑃𝑃 = ∑𝑖𝑖=1𝑚𝑚 𝑉𝑉𝑠𝑠𝑖𝑖𝑚𝑚𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠(𝑃𝑃𝑆𝑆0 ,𝑃𝑃𝑆𝑆1 , … ,𝑃𝑃𝑆𝑆𝑛𝑛)

• 𝑃𝑃: the point to be queried
• 𝑃𝑃𝑆𝑆𝑖𝑖: 𝑖𝑖-th vertex that defines the simplex
• 𝑚𝑚: number of disjoint simplex
• 𝑛𝑛: dimension of the space

• 𝑉𝑉𝑠𝑠𝑖𝑖𝑚𝑚𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠 = 1
𝑛𝑛!

det(𝑃𝑃𝑆𝑆1 − 𝑃𝑃𝑆𝑆0 ,𝑃𝑃𝑆𝑆2 − 𝑃𝑃𝑆𝑆0 , … ,𝑃𝑃𝑆𝑆𝑛𝑛 − 𝑃𝑃𝑆𝑆0)

• For Convex Lower Bound: directly compute the volume of polyhedron
• For Geometric Lower Bound: integral of volume at each orientation

• 𝑉𝑉𝑡𝑡𝑝𝑝𝑡𝑡𝑎𝑎𝑝𝑝 = ∫𝑅𝑅 𝑉𝑉𝑔𝑔𝑠𝑠𝑝𝑝 𝑅𝑅 𝑑𝑑𝑅𝑅
• 𝑉𝑉𝑔𝑔𝑠𝑠𝑝𝑝 𝑅𝑅 : volume of the geometric lower bound at each orientation
• 𝑑𝑑𝑅𝑅: Haar measure for integration on SO(𝑛𝑛)
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2D Validation
• Shape of the lower bounds
• Containment checking validation
• Volume comparisons

• inflation factor 𝜀𝜀
• 𝒃𝒃 = (1 + 𝜀𝜀)𝒂𝒂

• aspect ratio 𝛼𝛼
• 𝛼𝛼 = 𝑎𝑎1/𝑎𝑎2

Inflation factor

Volume Relative Volume

Aspect Ratio

Volume Relative Volume
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3D Validation

• Volume comparisons
• Inflation factor 𝜀𝜀

• 𝒃𝒃 = (1 + 𝜀𝜀)𝒂𝒂
• Aspect ratio 𝛼𝛼1, 𝛼𝛼2

• 𝛼𝛼1 = 𝑎𝑎1/𝑎𝑎2
• 𝛼𝛼2 = 𝑎𝑎1/𝑎𝑎3

Volume Relative VolumeInflation factor

Aspect Ratio
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Potential Applications
• Assembly task (KUKA LWR robot)

• Target pose: 𝑅𝑅 𝐭𝐭 =
1 0 0
0 −1 0
0 0 −1

0.5
0

0.15
• Joint space: 

• [−0.7768, 0.1991,−0.1991, 1.6981,−1.6241, 1.9656,−0.9147]𝑇𝑇

• Shape of an object: Ellipsoid with semi-axis length 
𝐚𝐚0 = [0.2,0.15,0.1] 𝑇𝑇

• Decide how large space the end effector can move
• inflated by 𝜀𝜀 = 0.1
• Geometric Lower Bound Volume: 𝑉𝑉𝑡𝑡𝑝𝑝𝑡𝑡𝑎𝑎𝑝𝑝 = 5.2385 × 10−8

• error tolerance of each joint
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Conclusions
• Two main goals: Containment checking and volume of the allowable 

motions in C-space
• Convex Lower Bound: a convex polyhedron subspace in 

Configuration space based on Algebraic Condition of Containment
• Geometric Lower Bound: a union of polyhedron subspace based on 

the Minkowski difference between two ellipsoids
• Validated the theory by 2D and 3D examples
• Discussed potential applications
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