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Traditional View

Describe rigid body motions as homogeneous
transformations

— 4H,: A--> B as seen in frame A
— 4H, = 4HgBH,: Concatenation of rigid body motions
— BH, = (4Hy)~!: Inverse transformation

— Ax = 4H  Bx : Vector conversion between two coordinate
systems

frame A \/ frame B X
\_/ frame C



Traditional View

 The group of rigid-body motion, i.e. SE(3)

— (R, t) : Rotation-translation pair R €50(3), t € R?
_ . _ “o” . Group operator
(Rl' tl) (RZ’ tz) (RlRZ’ R1t2 T tl) “T” . Matrix transpose
e “Semi-direct” product “-1” : Group inverse
— (R,t)"1= (RT,-RTY
X € R3, (R, t) € SE(3)

 Group action
—(Rt):x = Rx+t
— [(Rpt) o (R, 8)] - x = (R, ty) - [(Ry, £5) - X]



Traditional View

A natural way for motion descriptions, commonly used for a
century in kinematics community

Hard to model a motion between two poses as seen in a third
point of view

— a humanoid robot seeing his hand moving
— a ground-based remote control of aerial vehicles

oy *



Concept Definitions

Euclidean Motion

— Handedness-preserving isometry of Euclidean space

— Can be described using group-theoretic tools

— Well-defined without coordinates or frames of reference
Pose

— Describes a position and orientation in space

Change of Pose

— Conversion of a pose into another

— A movement of frame without moving the whole space
Coordinate Transformation

— Describe changes in the space-fixed frame
— Describe changes in the way frames are attached to moving body



Conjugation and Change of View

 Problem of interest
- ZHB — H(ﬁRB, de)
— Note: 9dj is not the translation vector {tg, but the

displacement of frame origin O under Euclidean motion
OH
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The meaning of 9dg Translation vectors of different frame origins




Conjugation and Change of View

* Relationship between YHg, 4Hg, H,

— Let x be a point in space, which can be described in any
reference frame

— Coordinate transformation of a point: °X = %#, X

— Euclidean motion of the point: °X’ = 9Hy °X

AHB
\L frameBZv AX’ —_ AHB AX

Axl = A}[B Bxl

frame A
DHJ frameC%/_‘xn BX’ = AX

4/ L = A3y = 4Hy

DHC

frame O

Relationship between frames O, A, Band C




Conjugation and Change of View

e Conjugation: GHgp =

— Translation part:|3d

°31, 4Hp Mt = 9H, 4Hp HL 1

— Rotation part: QR = YR, 4R SR

= (I — 9Rp) ota +9

atp

Gtz = OR, 4tp

 Transformation of concatenated displacement

0] — 0 0
_ AHC — BHC AHB

* In contrast with rigid-body kinematics:

AHB

J =

frame A

o
DHF'.

frame O

v L

frameB Z’
DHB frameC%/.K,,

DHC

Relationship between frames O, A, B and C

A _ A
aHc = 4Hp

B
BHC




Screw Parameters
 Expression of any Euclidean motion:

ON _ ,06N
— H(n; p; 9: d) = (eOT (I ’ 1)p ¥ dn)

= 1n: Direction of screw axis

N: Skew-symmetric matrix correspondington, N = n
= Can be obtainedby: R — RT = 2sin6 N

p: Unique vector pointing to the axis, s.t.p-n =0

0: Angle of rotation

trace(R)—1
= 0= arccos(—()

)

d: Distance along the axis
" d=d-n
= adp =9dg - Gng = Gt - Ing
= Can be obtained by 9H; = H(%Rg,9dg) or (9Rz, Otp)

( 405, 4dg ) are invariant to the choice of O



Pose Change Group

 Definition of “direct-product” group: PCG(3) = SO(3) x R3

0] 0] — (0 0] 0] 0] — (0 0] 0 0]

— (aRe, atc) = (gRe, Bte) - (aRp, atz) = (gRc aRB, tc + ats)
* 9Rp = eXp(AHB fé)lﬁB) = oRa4RORA
o Oty is the displacement from A to B as seen in O

 Let x denote a point in space

— ﬂtxz position of x from the origin of A as seenin O

e Group action on pose space: (Q,$)O(R,t) = (QRQT, Qt)



Pose Change Group

Change of observer frame

— If the motion is viewed from frame 1 rather than frame O:
e Transformation: tHy = 9H{*QHpSH, = 1H, QHp1H,?!
* Rotational and translational parts can be obtained by group action

— (4Rs, itz) = (1R, 0 )O(9R5, St5)

1 — 1 0] 1pT
— 4Rp = 1Ro 4Rp 1Rp

1, _1p O
— atg = 1Ry atp

A
ﬁ.HB
A Ty

i
v frame B AA Hs
frame A

frame B

— A
.LrB_ 1 R,ﬁ,_ﬁ_rB

frame A

i o] 4]
OLE™ 1 {mrg

frame O

Transformation of the observer frame
fromOto1l

Coordinates of all vectors calculated in frame 1




Pose Change G

e Change of body-fixed frame

0 0 _ O _ 0 0,
— (iR5, 7t5) = (Ro, gts) - (aRp, at
* Ry isdefined by SHzA 1= H(R,, d,)

* A=4H; = pHp

roup

g) * (Ro, 3ta) ™

Conjugation resulting from changing the body-fixed frame

Translational part of the pose changes




Applications

* Bi-invariant Metrics
— Definition: d(gq,92) = d(he gy, heogy) =d(g1°k gz °k)
— SE(3) does not have nontrivial bi-invariant metric functions
. dSE(3)(H0H1Ho_1»H0H2H0_1) # dsg3)(Hy, Hy) # dgg(3)(H Hy, HyHy)
— PCG(3) tolerates bi-invariance under direct-product

* dpcea)((Ro to) - (Ry, 1), (Ro, to)  (R2,t2)) = dpceay (R, t1), (R, t)) =
dPCG(S)((R1»t1) - (Ro, to), (R, t5) - (R, ty))

— Plays a role in interpolating paths between two poses or motions



Applications

e Path Generations
— SE(3): H(7) = exp(tlog(4Hg))oH4

~ PCG(3): (R(7), () = (exp (tlog(§Rz)). Gts) - (Ra, 54

Trajectory starts at 9H, at T = 0, and ends at JHp at 7 = 1

frame O

: -
]

frame O
3 2 -1 o [ 2 3 4

2D Case 3D Case




Conclusions

o Differences between Pose Changes and Euclidean
Motions are reviewed

* An analytical framework for composition of pose
changes as a direct product operation is developed

* Applications in bi-invariant metric and path
generation are introduced
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